In this short note we analyse a connection between the exponentially graded and the class of S-type meshes for singularly perturbed problems. As a by-product we obtain a slightly modified and more general class of layer-adapted meshes.
Introduction
In the numerical analysis of singularly perturbed problems the layer behaviour of the solution often creates challenging problems. One approach to deal theoretically and practically with these problems lies within using layer-adapted meshes. The idea is pretty old and goes back to Bakhvalov [1] for exponentially fitted and Shishkin [9] for piecewise equidistant meshes. In [6] a uniform characterisation of meshes related to Shishkin meshes was introduced with the class of S-type meshes. Besides these meshes many more exist and numerical methods behave slightly different on each of them, see [5, 7] . Using N as the number of cells in one space dimension we find in the literature convergence results for many methods on the previously mentioned meshes and singularly perturbed problems, let us just mention the book [7] . On S-type meshes they have usually the form
for some norm · , order k and mesh characterisation function ψ, where the constant C here and further on is independent of ε and N. Meshes facilitating the estimate with max |ψ ′ | ≤ C are called optimal meshes, see [8] . There are some meshes known with this desirable property, just to name the Bakhvalov-S-mesh [6] or those considered in [8] . Using a different fitting approach one finds the exponentially graded eXp-mesh [2, 10] . This is also an optimal mesh, see e.g. [3] , but not an S-type mesh. In this note we will show a connection to the class of S-type meshes and thereby casting the eXp-mesh as an generalised S-mesh.
The eXp-mesh as a modified S-type mesh
We follow [2, 10] and define the eXp-mesh in one space dimension for a convection-diffusion problem. Let σ > 0 be a given parameter that depends on the polynomial degree of the underlying discrete space. Then we define the constant
Using this constant we obtain the mesh generating function
and the transition point
which includes an implicit assumption ε ≤ β 2σ
(ln(N/2)) −1 . Then the points of the mesh are given by (ln N) −1 and
Thus the difference lies in the mesh-generating function and the number of mesh-nodes in the layer region.
For practical computations on a computer with machine precision eps, we obtain for small ε, or more precise for ε < β σ| ln eps| , that C σ,ε = 1. For example, having β = 1, σ = 2, eps = 2 · 10 −16 this happens for ε ≤ 0.0138. Then the mesh generating function of the eXp-mesh simplifies tõ
or mapped onto the interval [0, 1/2] (in order to compare with S-type meshes)
One S-type mesh with a similar mesh generating function is the Bakhvalov-S-mesh [6] with
The benefit of casting a mesh as S-type mesh is, that using the mesh-characterising function ψ = exp(−φ) the convergence rate can be characterised in terms of N −1 max |ψ ′ | and optimal meshes are those, where max |ψ ′ | ≤ C holds independent of ε and N. Here we have max
But φ eXp does not generate an S-type mesh because φ eXp (1/2) = ln N 2 while φ(1/2) = ln N is needed for an S-type mesh. We therefore propose a generalisation of S-type meshes, where the mesh-generating functions φ is monotonically increasing and fulfils for a fixed α > 0
For α = 1 these are the conditions given in [6] for S-type meshes. With
the given function φ eXp fulfils these conditions with α = 1/2 and by using (2.2) for defining the mesh nodes, the exponentially graded eXp-mesh is a modified S-type mesh. A further observation shows for a layer function E(x) = e − β ε
x at the transition point
Because only the above properties are needed to prove convergence of FEM on S-type meshes, all those proofs apply for the generalised S-type meshes too. Although (2.3) indicates a better estimation for the standard Bakhvalov-S-mesh (α = 1) compared to the eXp-S-mesh (α = 1/2), numerical results show it vice versa with convergence on the eXp-S-mesh slightly better by a factor, see Section 3.
Numerical example
We include only a one-dimensional example. Further examples in two space dimensions showing optimal convergence also compared to Bakhvalov-S-type meshes can be found in [3, 4] . Let us consider the singularly-perturbed convection-diffusion problem
where the right-hand side is given such that
is the exact solution for comparing the results. For the numerical example we fix ε = 10
which is small enough to bring out the layer features. Furthermore, σ = p + 1 for polynomial degrees p = 1, 2, 3. Then the discrete spaces for our Galerkin FEM are piecewise polynomials of degree p.
We consider the following meshes: The reason for including the last two mesh-variations is that here the eXp-mesh and the eXp-S-mesh are identical. Also for comparing the quality of the mesh it makes a difference, how many cells are in the layer region. Table 1 shows the comparison of errors for on all meshes. For all of them the optimal convergence rate of p can be observed for the energy norm
where · 0 is the usual L 2 -norm. Also the errors using the eXp-S-mesh are the smallest, if only by a small factor. Between the first three meshes the errors on the eXp-mesh are the largest, but the number of cells in the layer-region is different to the S-type meshes. The last three meshes all have N/2 − 1 cells in the layer region. Now the results for the eXp-mesh and the eXp-S-mesh * , where one cell less was used in the layer region, are the same because these are numerically the same meshes. And again, the results are slightly better than for the Bakhvalov-S-mesh with N/2 − 1 cells in the layer region. The improvement of the error on eXp-meshes compared to Bakhvalov-S-meshes is even stronger in 2d, see e.g. the results in [3] . 
Conclusion
In this short note we generalised the class of S-type meshes and showed the eXp-mesh to be such a modified S-type mesh. Within the framework of S-type meshes we were able to prove the eXp-S-mesh to be an optimal mesh, allowing a convergence behaviour of numerical methods to be slightly better than the Bakhvalov-S-mesh.
